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Abstract-In the paper some aspects of Riemannian manifolds, pseudo-Riemannian manifolds, Lorentz manifolds, Riemannian metrics,
affine connections, parallel transport, curvature tensors, torsion tensors, killing vector fields, conformal killing vector fields are focused. The
purpose of this paper is to develop the theory of manifolds equipped with Riemannian metric. | have developed some theorems on torsion
and Riemannian curvature tensors using affine connection. A Theorem 1.20 named “Fundamental Theorem of Pseudo-Riemannian
Geometry” has been established on Riemannian geometry using tensors with metric. The main tools used in the theorem of pseudo

Riemannian are tensors fields defined on a Riemannian manifold.
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l. Introduction

Riemannian manifold is a pair (M, g) consisting of smooth
manifold M and Riemannian metric g. A manifold may carry a
further structure if it is endowed with a metric tensor, which is a
natural generation of the inner product between two vectors in
R™ to an arbitrary manifold. Riemannian  metrics, affine
connections, parallel transport, curvature tensors, torsion tensors,
killing vector fields and conformal killing vector fields play
important role to develop the theorem of Riemannian manifolds.

1. Riemannian manifolds

A manifold is a topological space which locally looks like R™.
Calculus on a manifold is assured by the the existence of smooth
coordinate systems. Indeed, Riemannian manifold is the
generalization of Riemannian metric with smooth manifold.
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Definition 1.01 M is an n-dimensional differentiable manifold if
(@) M is atopological space,

(b) M is provided with a family of pairs {(U;, ¢;)},

2

(¢) {U;} is a family of open sets which covers M, that is,
Ui Ui = M

(d) ¢; is a homeomorphism from U; onto an open subset U; of
R™.

(6) Given U; and U; such that U;n U; # @, the map y;; =
o; <Pj_1 from ¢;(U;n U;) to @,(U;n Uj)
differentiable.

is infinitely

Example 1.02 The Euclidean space R™ is the most trivial
example, where a single chart covers the whole space and ¢ may
be the identity map.

Definition 1.03 Let ¢, : U; > R™ be a homeomorphism from an
open subset U; into R™. Then the pair (U;, ¢;) ) is called a chart.

Definition 1.04 [1] Let M be a differentiable manifold. A
Riemannian metric g on M is a type (0, 2) tensor field on M
which satisfies the following axioms at each point p € M

@ gpWUV) = g,(V,U)

(b) g,(U,U) =0 where the equality holds only when U = 0.

Here U,V €T,M and g, = g|,.In short g,is a symmetric
positive definite bilinear form and T,M is a tangent space of
manifold M at a point p.

Definition 1.05 Let M be a differentiable manifold. A Riemannian
metric g on M is a pseudo-Riemannian metric if it satisfies the
conditions (i) and (ii) and if g,(U,V) = 0for any U € T, M,
then V = 0.

Definition 1.06 If gis Riemannian matric, all the eigenvalues are
strictly positive and if g is pseudo-Riemannian some eigenvalues
are negative. If there are i positive and j negative eigenvalues,
then the pair (i, j) is called the index of metric. If i = j, the metric
is called a Lorentz metric.
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Definition 1.07 Let (M, g) is Lorentzian. The elements of T,M
are divided into three classes as follows

(@ g(U,U) >0 - U isspacelike,
(b) g(U,U) =0 - Uis lightlike,
(c) g(U,U) <0 - U istimelike.

Definition 1.08 [2] If a smooth manifold M admits a Riemannian
metric g, the pair (M, g) is called a Riemannian manifold. If g is a
pseudo-Riemannian metric, then (M, g) is said to be a pseudo-
Riemannian manifold. If g Lorentzian, (M, g) is called a Lorentz
manifold.

Example 1.09 An m-dimensional Euclidian space (R™,&) is
Riemannian manifold and an m-dimensional Minkowski space
(R™, n) is a Lorentz manifold.

I11. Affine connection and covariant derivative

A vector X is a directional derivative acting on f € F(M)
asX : f - X(f). However, there is no directional derivative
acting on a tensor field of type (p, q) which arises naturally from
the differentiable structure of M. What we need is an extra
structure called the connection, which how tensor are transported
along a curve.

Definition 1.10 [3] Let M be a smooth n-dimensional manifold,
F(M) be the set of smooth functions and X(M) be the vector
space of smooth vector fields. An affine connection on M is a
map which is denoted by ¥ and defined by

Vi XM) xX(M) - X(M)

(X, Y) »W,Y
Such that

(@ Vxy(h+Y)= VY + Vkl,
(0) Vyax, Y= V¥ + Ty Y
© Ww(Y)=X)Y+[f WY
(d) VpxY =f WY,

vV feFM)and X,Y € X(M).

Definition 1.11 Let (U, ¢) be a coordinate chart on a manifold
M with a coordinates (x*,x?,...,x™). The functions [(x) are
called coordinate symbols of the affine connection V7. Here
I}5(x) is a n® function, where i, j =T1,n.

Definition 1.12 The vector field Vy f is often called covariant
derivative of vector field f € F(M) along the vector field X. Itis
to define the covariant derivative of f by the ordinary directional
derivative,

Vy f=X(f).

Forany f, Y, it can be defined as follows

Ve (fY)= Wk Y+ [ Y.

Definition 1.13 Let T; and T, be two tensor fields. Then the
covariant derivative Ty along the field X is defined as follows

Vy (T:®T7) = (Vx T)®T; + T1®(Vx Ty).
IV. Parallel Transport

Given a curve in a manifold M, we may define the parallel
transport of a vector along the curve. In geometry, parallel
transport is a way of transporting geometrical data along smooth
curves in a manifold. If the manifold is equipped with an affine
connection, then this connection allows one to transport vectors
of the manifold along curves so that they stay parallel with
respect to the connection.

Definition 1.14 Let M be a smooth n-dimensional manifold
equipped with an affine connection V. Let y:(a, b) > M be a
smooth curve. A vector field on y(t), X(t) is called parallel
transport if the following equation is satisfied

Vyy X@®) =0, V t€(a b).
Here y(t) is the tangent vector to y(t) at the point ¢.

Theorem 1.15 [4] Let y:(a,b) = M be a smooth curve on a
manifold M. For each t, € (a,b) and for each X, € T, M,

prove that there exist a unique vector field X(t) on y(t) such
that

(@) X(t) is parallel,
(@ X(to) = Xo.

Proof. Let (U, ¢) be a coordinate chart on a manifold M at t,
with coordinates ( x!,x?%, ...,x™). Then

(@ A smooth curve y:(a,b) -» M is given by a set on n
smooth functions

xt = x1(t)
x? = x2(t) . .

: = x'= x'(t),
x™ =.x"(t)

where t€ (a, b),i =12, ..,n
(@  Thevector X(t) is given by

X(@) = ¥, Xi(t) X for

axt

4]

d
— y1 - 2 —
=X'(t) o + X*(t) EP +

1
+ X"(t g
® 7
Then y(t) is given by

oy s 0
}/(t)_ i=1 dt  9xi
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_dxt 2 a2 axn
T oar Coxt dat " 9x? dat "oxn’
Now we have,
V)’/(t) X(t) = Vn dxt _ZZLIXJ €;

Yizigr €i

L2 7, (T X e)

i=1 dt

dxi .
= ?=1E [ Z?:lei (Xj) ej

+ Z;LZIXJ Vei ej]

dxt . dxt .
= Yit1 X [ (G elXDe+ —- X/ T ¢ ]

_ yn axt ox)y 5

n
i=1 &Lj=1 [( dt axi)axj
dxt P k a
o X Yot T (0 P

_wn axJ o n dxt j k a
=Y aw t Zikm o X TG00 oz

axk
= Vi X() = Z$:1[?

dxt i a

Thus the equation for the parallel transport is

dxk dxt ik
i + Z?j:l a X 1—‘ij(x) =0

Xk(ty) = X*, (initial condition)

This is a system of n-equations for n-unknown functions X*(t)
with n-initial conditions. A theorem from the theory of
differential equations says that the solution exists and which is
unique. This completes the proof of this theorem.

V. Torsion tensor and Riemann curvature tensor

In the mathematical field of differential geometry, the Riemann
curvature tensor, or Riemannian-Christoffel tensor is the most
standard way to express curvature of Riemannian manifolds. It
associates a tensor to each point of a Riemannian manifold that
measures the extent to which the metric tensor is not locally
isometric to a Euclidean space.

Definition 1.16 [5] Let M be a smooth n-dimensional
manifold, F(M) be the set of smooth functions and X(M) be the
vector space of smooth vector fields. A tensor A of rank (1,p) on
M is a multi-linear map

A (M) X X(M) X .. X ¥(M) — F(M)
which satisfies
A(f X1,X, ...,xp) = A( xl'fxz' 'xp) = ..

= A(x1, %, ., fXp)

159

= fA( %1, %3, .., Xp)
for any function f € F(M) and x;, x;, ..., X, € X(M).
Definition 1.17 A torsion TV of an affine connection 7, is a map
TV : X(M) x X(M) - X(M)
X, Y) = T (X,Y)
where TV (X,Y)= V, Y-V, X— [X, Y]

Theorem 1.18 For all affine connection ¥, its torson TV is a
tensor of rank (1,2).

Proof. We need to prove that
TV (fX,Y)=T"(X,fY)=fT"(X,Y), ¥ f €F(M)and
X,Y e ¥X(M).

By the definition of torsion, we get
T"(fX,Y)= VixY =V fX— [fXY]
=fVxY=-YOX-fW X—- [fXY]
.. (1.01)

Now take any g € F(M), then

[fX,Y]g=fX(Y()-Y(fX(e)
=fXY(@)-Y(f).X(8 - fYX(g)
=f (XY(g) - YX(g) - Y(f).X(g)
=f[XYlg-Y()X(®

SfFXY]= FIXY]I=Y(F) X

Therefore, equation (1.01) becomes
TV(fX,Y)=fVxY—-YOX—fV X—fI[XY]
+Y(f) X
fVxY =V X= [X,Y])

fT"(X,Y).
Again,
TV (X,fY)= =TV (fY,X)

[~ T"(X,Y) ==T"(Y,X)]
=—f T"(Y,X) [as previous part]
=fT"(X,Y).

Therefore, TV is a tensor of rank (1,2).

Hence completes the proof.

Definition 1.19 The curvature tensor R", of an affine connection
v ,isamap
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R” : X(M) X X(M) X ¥(M) - X(M)
(X,Y,Z) » R"(X,Y,Z)
where RV (X,Y,Z) = VxWZ — VyVx Z =Vixy Z.

Theorem 1.20 [6] For all affine connection 7, its curvature R"
is a tensor of rank (1, 3).

Proof: We need to prove that
RV(fX,Y,Z2)=R"(X,fY,Z)
=R"(X,Y,fZ)
=fR"(X,V,Z); VfeFM)and X, Y, Z€

x(M).
By the definition of curvature tensor, we get
RV (fX,Y,Z)

=VixWZ—VyVsy — VipxyZ
=fWWZ-V(fVxZ) — Vf[X,Y]—Y(f)XZ

=fWwZ- Y(f) VyZ — fVy VxZ _Vf[X,Y]Z
+ VYU)XZ

=fWWZ—-Y(f) WZ — fVy VyZ— fV[X,Y]Z
+Y()VyZ

=f (WWZ =V WZ — Vixy1Z)
=fR"(X,Y,Z).
Again, note that
R"(X,Y,Z)=— R"(Y,X,Z)
Then
R"(X,fY,Z)= —R"(fY,X,Z)
= —fR"(Y,X,Z) [as previous part]

=fR"(X,Y,2).
Also,

RV(X,Y,fZ)
=WWfZ-VWifZ- |7[}(,1/]fZ
=W YNZ+fWZ-V (X(f)Z+[fVxZ)
~[XYI())-Z f Vixy, Z
=W(YNZ)+Vx (fWZ) -V (X(f).2)
W (X(N)-2) =W (fVx 2) - [X,Y](f).Z
_fV[X,Y] Z

=W (Y(NZ)+YHVxZ +X(HVW Z

160

+Hf W WZ-Y(X(N)Z- X(HWZ

-~ Y()WZ— f VyVyZ—[XYIf.Z

—fVixy1Z
=(XY(F) = YX(N))Z + f(Vx VW Z=Vy Vy Z
—Vixy 2) = [X,YIf.Z

=[X,YIf.Z+fR"(X,Y,Z)— [X,Y]f.Z
= fR"(X,Y,2).

Therefore, RV is a tensor of rank (1, 3).
Hence completes the proof.

V1. Levi-Civita connections

Let M be a smooth n-dimensional manifold, F (M) be the set of
smooth functions, g be a smooth metric, X(M) be the vector space
of smooth vector fields and V be an affine connection on M.
Then the covariant derivative on g with respect to 7 is a
multilinear map,

Vg : X(M) x X(M) x X(M) — F(M)
(Z,X,Y) > VeX,Y)
where V,g(X,Y) = Zg(X,Y) — g(V,X,Y) — g(X,V,Y)

Definition 1.21 [7] Let M be a smooth manifold equipped with a
smooth manifold metric g. There is a unique affine connection ¥
on g such that

(a) Vistorsion free.

(b) Vg=0 This unique connection is called Levi-Civita
connection.

Theorem 1.22 (The fundamental theorem of pseudo-Riemannian
geometry) On a pseudo-Riemannian manifold (M, g), there exists
a unique symmetric connection (Levi-Civita connection) which is
compatible with the metric g.

Proof: Let y be a tangent vector to an arbitrary curve along which
the vectors are parallel transported. Then we have,

0=V, [gXV]=V[Vi®)X,YV)]+g(ViXY)
+g(X, V;Y)
=Y XIY*(V,:2) 1)

where we have noted that V; X = V; Y = 0. Since this true for any
curves and vectors, we must have

(Vig)jk =0.
For metric tensor we know,
d i i
Ve = 3 8k~ 758 — Tox8ij-

Now from the above, we can write as follows
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0 . )
wg]k - Flf]glk - Flf kgij =0 ... . (102)
Now using cyclic permutations of (¥, j, k), we have
@gkf - F} k8i¢ — F}f 8ik = 0.. .. (103)

a i i
ﬁgel -T ke gl] - ijgif =0 .. .. .. (104)

The combination —(1.02) + (1.03) + (1.04) yields

2 2 2 i
~ 55 8ik +@gke + El + T%i8ix

+Th8i — 2Tf108ie = 0 e wev .. (1.05)

tensor Tp; is anti-symmetric with respect to the lower indices
1€j = _lee-
By solving equation (1.05) for Fi(j 1 We have

ri ={i}+l(Ti-+Ti- ) (1.06)

0 k) j k 2 k ] ]k ......... .
where {,-ik} are the christoffel symbols defined by

i 1 ,,(09k: ,09;1 09«

il J J
== - — 1.07

{j} 29 <6xl+6xk ox? (1.07)

Finally, the connection coefficient T is given by

M =Ty + Tl
L . .
=AM+ T+ T e (1.08)

The second term of the last expression of (1.08) is called
contorsion, denoted by K'j;:

. 1 . ) )
K'jy =E(T]1<j+lek+T1jk)
So,

. i .
oL ={jk}+K}"

Now, TI'{;,, =T}, +T}, is the another connection coefficient
if T is a tensor field of type (1,2). Now we choose

Tl =—K}, sothat

; i
Fjt ={jk}

=l “(aglk_"_agjl_agjk)
2 axJ axk axt )’

By construction, this is symmetric and certainly unique given a
metric.

Example 1.23 Let metric on R? in polar coordinates is g =
dr ® dr + r’d¢ ® d¢. The non-vanishing components of the

Levi-Civita connection coefficients are Ff¢ = F;”A =r~!and
g(p =-T.

Example 1.24 The induce map on S2 is g=do®do +
sin?6 d¢ ® d¢. the non-vanishing components of the Levi-
Civita connections are

r 3,4) = —cos0 sinf ; T Z’¢ =T 29 = cotf.

VI1. Killing Vector Fields

A Killing vector field is a vector field on a Riemannian manifold
that preserves the metric. Killing fields are the infinitesimal
generators of isometrics, that is, flows generated by Killing fields
are continuous isometrics of the manifold.

Definition 1.25 [9] A vector field X is a Killing vector field if the
Lie derivative with respect to X of the metric g vanishe

L.g=0.
In terms of the Levi-Civita connection, this is
9" X,2)+g(Y, 7, X) =0

for all vectors Y and Z. In local coordinates, this amounts to the
Killing equation

This condition is expressed in covariant form. Therefore it is
sufficient to establish it in a preferred coordinate system in order
to have it hold in all coordinate systems.

Examples 1.26 The vector field on a circle that points clockwise
and has the same length at each point is a Killing vector field,
since moving each point on the circle along this vector field
simply rotates the circle.

VI11. Conformal Killing Vector Fields

The term of the conformal Killing vector field is an extension of
the term of the Killing vector field. Conformal Killing vector
fields scale the Metric around a smooth function, while Killing
vector fields do not scale the Metric. The conformal Killing
vectors are the infinitesimal generators of conformal
transformations.

Definition 1.27 [10] Let (M, g) be a Riemannian manifold and
X € X(M). Then the vector field X is a conformal Killing vector
field, if an infinitesimal displacement given by & X generates

a conformal transformation.

Example 1.28 Let x* be the coordinates of (R™, §). The vector

D=xk-2

oxk
is a conformal Killing vector.
IX. Conclusion

The fundamental theorem of pseudo-Riemannian geometry is
established using tensors on a manifold M. In this theorem, | have

IJSER © 2014
http://www.ijser.org


http://www.ijser.org/

International Journal of Scientific & Engineering Research, Volume 5, Issue 9, September-2014 162
ISSN 2229-5518

used metric connection V which is the natural generalization of

the connection defined in the classical geometry of surfaces. The

covariantly constant metric g;; and vectors fields X and Y, which

are parallel transported along any curve are used in this theorem.

In this paper, | have tried to set different types of examples and

the proof of various theorems in elaborate way so that it can be

helpful for further analysis.
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